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Representations of D-Posets
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A generalization of an orthoalgebra, which includes the set of all effects (i.e.,
s.a. operators between 0 and 1 on a Hilbert space) is a D-poset or an effect
algebra, equivalently. Two generalizations of test spaces the logics of which are
D-posets are investigated and their equivalence is shown.

INTRODUCTION

D-posets,’ introduced in Kdpka and Chovanec (1994), are generaliza-
tions of orthoalgebras in which one drops the requirement that no nonzero
element be self-orthogonal. Orthoalgebras arise as the logics of algebraic test
spaces (i.e., manuals), and it is natural to wonder whether D-posets have
an analogous representation. Two such representations have recently been
described by the authors (Dvureéenskij and Pulmannova, 1994; Wilce, 1994).
The purpose of this note is compare these two constructions and show that
they are essentially isomorphic.

1. ALGEBRAIC SETS IN A PARTIAL ABELIAN SEMIGROUP

By a partial Abelian semigroup (PAS) we mean a set S together with
a partially defined commutative and associative binary operation &.* Define
a L biff a D b is defined. For convenience, we assume that S contains a
zero, i.e., a distinguished element 0 such that 0 © a = a foralla € S. We

'Mathematical Institute, Slovak Academy of Sciences, Bratislava, Slovakia.

2Department of Mathematics, University of Pittsburgh/Johnstown, Johnstown, Pennsylvania.

3Called effect algebras in Foulis (1994) and Foulis and Bennett (1994) and D-algebras in
Wilce (1994).

“That is, if a @ b, resp. a ® (b D ¢), is defined, then so is b D q, resp. (a @ b) D ¢, and the
two are equal.
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say that S is positive iff a @ b = 0 implies a = b = 0, and cancelative iff
a®b=a®Dcimpliesbh =cforalla, b,c € S.

Any positive, cancelative PAS is partially ordered by the relation a <
b iff a @ x = b for some x € L. A D-poset is a positive, cancelative PAS
L having a largest element 1—in other words, an element such that Va €
L,3'b € S witha & b = 1 (note that such an element, if it exists, is unique).
A D-poset in which @ L a = a = 0 is an orthoalgebra.

In Hedlikova and Pulmannova (1994) the notion of a generalized differ-
ence poset has been introduced as follows.

Let (P, =) be a poset with the smallest element 0 and let © be a partial
binary operation on P such that b © a is defined iff @ = b. Then O is a
difference on (P, =) if and only if the following two conditions are satisfied
foralla, b,c € P:

1) a©0=a
2 Hasb=cthencOb=cOQaand(c©Oa)O(cOb) =5b
e a.

A difference © is called cancelative if the following condition is satisfied:
OIfas=b,candbOa=cSa,thenb = c.

A poset with a cancelative difference containing a smallest element 0
is a generalized difference poset (GDP).

Let (P, =, ©) be a poset with a difference satisfying condition (C). This
means that for every a, b e P there is at most one ¢ € P such that a = ¢
& b. Thus property (C) enables us to define a sum operation on P, that is,
a partial binary operation € on P given by (g, b, ¢ € P):

(S) a © bis defined and a © b = ¢ if and only if ¢ © b is defined
anda=cOSb.

By Hedlikova and Pulmannova (1994), Corollary 1.13, a cancelative positive
PAS with a zero coincides with a generalized difference poset; and a unital
cancelative positive PAS with a zero coincides with a difference poset in the
sense of Kopka and Chovanec (1994).

A congruence® on a PAS is an equivalence relation ~ such that for all
a,b,c € §,ifa~ band a © c is defined, then sois 5 D ¢, and a © ¢ ~
b @ c. Let S be any PAS. Call a subset M of S dominating iff Va < S, 3b
e S with a @ b € M, and algebraic iff the relation

a~ybesdxeSaDx,xDbeM

is a congruence. If M is algebraic, we write S/M for S/~ and [a],, for the

5Called a faithful congruence in Wilce (1994).
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congruence class of a € § in S/M. It can be shown that S/~ is always a
cancelative, unital PAS under the inherited operation [aly D [bly = [a D
bly. In particular, an algebraic set is dominating (Wilce, 1994, Lemma 3.2).

The following is useful in establishing that a set is algebraic:

Lemma 1. Let M be dominating in S. If, for all a, b, ¢ € S, a ~y b and
b®c e Mimply a © ¢ € M, then M is algebraic.

Proof. See Wilce (1994), Lemma 34. m

By way of example, if § is the collection of subsets of a set X dominated
by a fixed covering o of X, then M = o is algebraic iff (X; &) is an algebraic
test space (Dvure€enskij and Pulmannova, 1994; Foulis, 1994), and in this
case, S/M = TI(A), the logic of (X, &f). Such a logic is an orthoalgebra, and
conversely, every orthoalgebra arises canonically in this way (Gudder, 1988).
In the next section, we consider two (essentially isomorphic) constructions
leading to a canonical representation for arbitrary D-posets.

If Sis a PAS and M C S, we say that M is irredundant iff Va, b € M,
b=a®Bx=x=0.

Lemma 2. Let S be a positive PAS and M C S an irredundant set. Then
M is algebraic iff M is dominating and for all a, b, ¢ € S,

a~yblc=alc

Proof. If M is algebraic, it is dominating and, as ~,, is a congruence,
the condition above holds. Conversely, suppose M is irredundant and domi-
nating and that a ~y b L ¢ = a L c for all a, b, ¢ € M. We shall show
that M satisfies the hypothesis of Lemma 1. Suppose that a ~, b and b D
¢ € M. Then a D c exists; hence, as M is dominating, there exists x with a
DcDxe M Asa ~y b, there is some d such that a D d, d D b e M;
then d ~ ¢, and so d L (a @ x). Again, since M is dominating, there exists
some ysuchthat d D @ D) DPy=aDdDP(xDPy) e M. Butadd
M, and M is irredundant, so x © y = 0. Since S is positive, x = 0, whence
a®c e M, as desired. m

If § is positive and M is an irredundant algebraic set, then for all a e
Mandallx € S, x L a = x = 0. Hence, [a]y @ [bly = 0 iff [aly, [bly =
0. Thus, S/M is a D-poset.

What distinguishes a general D-poset from an orthoalgebra is the possi-
bility that a nonzero element a « L may have multiplicity greater than 1.
Indeed, if S is any PAS, we may set

w(a) = sup{n € N|n-a =a ® --- @ a (n times) exists}

Call w(a) the multiplicity of a (noting that it may equal w). We say that a
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function f: S — N is summable iff ©,.s f(a)-a exists. This requires f to be
finitely nonzero and f(a) =< w(a) for all a. Let F(S) be the collection of
summable functions on S, and note that this is a PAS under pointwise addition
(where this is defined). The following is a slight modification of Theorem
4.2 and Lemma 3.5 in Wilce (1994),

Lemma 3. If N is an algebraic subset of § and M is the set of summable
functions f € F with €, f(a)-a e N, then M is algebraic in F and F/M =
SIN.

As a particular example, let L be a D-poset, and take N = {1}. Then
L = L/N, and M consists of the collection of summable functions with sum
1. By Lemma 3, then, F(L)/M == L. Thus, all D-posets arise canonically from
an algebraic set of integer-valued functions.

If L is an orthoalgebra, then p(a) = 1 for all @ # 0. Thus, F(L) consists
of {0, 1}-valued functions, i.e., of summable subsets of L\{0}. In this case,
then, F(L) is exactly the manual of orthopartitions of L, and the isomorphism
F(L)/M = L is the canonical one.

Let us call an algebraic subset M of a PAS § D-algebraic iff LIM is a
D-poset. Note that this is equivalent to L/M being positive.

We will call a subset M of a PAS S an order-filter iff x e M,y 1 x
imply x @y € M.

Lemma 4. Let M C S be algebraic. If M is an order-filter, then it is
D-algebraic.

Proof. Tt suffices to show that if a @ b ~;, 0, thena ~,, 0. Buta ® b
~ s 0 iff there exists some ¢ € M with a @ b @ ¢ € M; in this case, a D
b L ¢, whence b L c. Since M is an order-filter, b € ¢ € M, and it follows
that a ~M 0. m

Observe that S/M = {0} iff x D y € M for some x, y € M. Since [a]
L [b] implies a L b by the definition of a congruence, this may occur only
if the operation € in § is totally defined.

We now show that the order-filter generated by any algebraic set is
D-algebraic.

Theorem 1. Let S be a PAS and let M be an algebraic subset of S. Then
M :=laeSa~uxDyxe M
is D-algebraic.

Proof. In what follows, ~ denotes the perspectivity with respect to M,
and ~! the perspectivity with respect to M'. Since M! is an order-filter, it
suffices by Lemma 4 to show that M is algebraic. Since M is dominating,
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so is M!, so by Lemma |, it suffices to show thatif a ~' band b @ ¢ e
M', then a © ¢ € M". Thus, suppose that for some z € S,a® z € M', b
® z € M. Since M is dominating, there are z,, z,, z3 such that a ® z @ z,
eMbD:DpeMbDcDz; e M It followsthata® z; ~ b D z,,
cDz3~2z2D 2.

On the other hand, since a @ z, b @ z € M', there are x, y € M and
u,veSsuchthat x @ u~a® z,y D v~ b D z It then follows that a
Dz~xDBPu~aDz®z D u, hence z; D u ~ 0. Similarly, b D z ~ y
Ov~bDzDz, D vimpliesz, D v ~ 0.

Now observe that if x © y ~ 0, then for any s € S, s L x & y, hence
s L x. In particular, z; and z, are orthogonal to every element of S, and we
may have

aDPz7P7 P ~aP7z1BcDz~bBDu DBz

This entails a @ c Dz, ~ b D ¢ D z,, which implies a D c D z;, Bu~ b
DcDz,Pu andsincez; Qu~0, wegeta@c~bDcDz Du
Now b @ ¢ € M! implies b D ¢ D z, D u € M, which gives a D ¢ €
M!, as desired. m

2. PARTIAL FUNCTIONS AND D-TEST SPACES

A function f: X — Z, is sometimes interpreted as a “multiset,” i.e., an
object analogous to a set, but allowing an element to occur with (finite)
multiplicity greater than 1. Thus, for instance, the collection of summable
functions on a PAS may be understood as a collection of multisets.

More generally, we shall speak of a pair (X, F) consisting of a set X
and a collection F of integer-valued functions f: X — Z, as a generalized
test space. When no confusion can result, we refer simply to the generalized
test space X, leaving F tacit.

We refer to a function g with 0 < g < f for some f € F as an event
for F, and denote by €(X) the collection of all events. We note that €(X) is
a positive, cancelative PAS under the operation (f @ g)(x) = f(x) + gx)
provided that f + g e €(X). We say that X is algebraic (D-algebraic) iff F
is algebraic (D-algebraic) in €(X). In the D-algebraic case, €(X)/F is a D-
poset, which we call the logic of X, denoting it by 11(X). We note that an
algebraic set F may be replaced by a D-algebraic set F!, if necessary.

Another representation for a multiset involves replacing points by sets.
Specifically, if f is a surjection onto a set E, we may regard f~'(x) as a set
of “copies” of x € E. From this point of view, a multiset of elements of a
set X is a partial function f: I — X, where [ is some (suitably large) set /.

Let P(/, X) denote the collection of partial functions from I to X, that
is, the collection of sets f C I X X such that (i, x), (i, y) € f=> x = y for
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all i € I. For f € P(I, X), let dom(f) = {i e Ildx € X, (i, x) € f} and
ran(f) = {x € XI3di € I, (i, x) € f}. For i € dom(f), we write f(i) for the
unique x € X with (i, x) € f. Note that if #(X) = I, then P(/, X) may be
identified in a natural way with P(I) via f » dom(f). P(I, X) becomes a
PAS if we set f 1 g iff dom(f) N dom(g) = Pandlet fS g = fU g in
this case.

We shall say that f € P(/, X) has finite multiplicity iff #f~'(x) < e« for
all x € X. The set F(Z, X) of partial functions from / to X with finite multiplicity
is a sub-PAS of P. Moreover, we have a natu:al map

o: B, X) —» ZX

given by &(f) = #f~'(+). Thus, every partial function in F(/, X) gives rise
to an integer-valued function on X. Note, too, that if dom(f) N dom(g) =
@, then

d(f) + d(g) = d(f D 9

Thus, ¢ is a homomorphism from the PAS F(I, X) into the semigroup Z%
(with pointwise addition).

One may preorder P(/, X) by the relation F < G iff there exists an
injection ¢; dom(F) — dom G such that F = G O ¢. Equivalently, F < G
iff #F "'(x) = #G !(x) for all x € X. Functions F and G are equivalent iff
F < G < F, in which case we write F ~ G. Evidently,

F =G d&F) = &0)

Therefore, if we work with equivalence classes of partial functions, we are
in effect dealing with Z,-valued functions.

In Dvurecenskij and Pulmannova (1994) a D-test space is defined to be
a collection I of ~-equivalence classes of partial functions F: Ir — X such
that (i) for all x € X, 3[F] € T with x € ran(F) and (ii) F~'(x) is finite for
all x e ran(F). T is irredundant iff for all F, G € T, #F 7 '(x) = #G ™ (x)
for all x € X implies F = G.5

Let (X, J) be a D-test space. There is no harm in setting / = Ugeq
I and treating the functions F as elements of F(f, X). An event for (X, 7)
is the ~-equivalence class {G] of a partial function G < F. The class of events
of (X, ) is denoted by E(7). Clearly, there is a bijective correspondence [F]
— O(F) = #F ! between J and a certain class of functions X — Z,. If we
let E(X) denote the image of é(X, J) under ¢, we obtain a PAS of Z,-
valued functions containing &(J). It is easily checked that the notions of

5In Dvureéenskij and Pulmannova (1994) it is assumed that all D-test spaces are irredundant,
but it will prove convenient to drop this requirement. Thus, our definition is, strictly speaking,
a bit more general than that given there.
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orthogonality and perspectivity for events [G] and [H] as defined in Dvurecen-
skij and Pulmannovi (1994) are equivalent to the notions of the same name
for elements &(G) and b(H) of the PAS E(X). Therefore, every D-test space
(X, J) may be reorganized into a generalized test space (X, &(9)), and
¢ provides an isomorphism between the event structures preserving local
complements and, hence, perspectivity.

Conversely, we have the following:

Lemma 5. Let (X, F) be any generalized test space. Then there exists a
D-test space (X, &) such that F = &(9).

Proof. Foreach f € F and x € X, let I, be a set with cardinality f(x)—in
particular, I, = @ if f(x) = 0. Taking the sets I, to be pairwise disjoint as
(x, f) ranges over X X F, set 1,« Uyex Iy Let Fy: Ir — X be given by Fi(i)
= f(x), where i € I;,. Then I = {F/If e F} is a D-test space and &([F;])(x)
= #F;'(x) = f(x) by construction. m

Note that, by Lemma 2, an irredundant D-test space (X, 7) is algebraic
in the sense of DvureCenskij and Pulmannova (1994) iff $(J) is algebraic
in the sense defined above.

In Dvurecenskij and Pulmannova (1994), morphisms between D-test
spaces are defined as follows. If &: X — Y and F e P(J, X), then &(F) :=
b OF e P, V). If (X, T) and (¥, W) are D-test spaces, we call &b a morphism
between X and Y iff [d(F)] e AU for all [F] e J. We have

#OE) () = #FTIOTI() = X #F W)

blx)=y

Let (X, %) and (Y, 9) be generalized test spaces. We say that : X — Yis a
morphism iff, for every f € &, the function &(f) defined by

SO = X f)

blx)=y

belongs to 9.

Note that if (X, &) and (Y, B) are test spaces, then for each E e A,

dx)(y) = E Xe(0) = #(d~'(y) N E)

blx)=y

This is the characteristic function of a test F e B iff ¢ is an outcome-
preserving interpretation, in the sense of Foulis and Randall (1981).

These considerations show that the notions of D-test spaces and general-
ized test spaces coincide completely.
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